Abstract. A minimal, one-parameter model of the excitonic Hamiltonian for the light harvesting complex of purple bacteria (LH2) based on ab initio calculation of the excitonic energies is proposed. The set of input parameters contains positions of atoms in 27 bacteriochlorophyll pigments only. The excitation energies, transition dipole and quadrupole moments of the bacteriochlorophyll units were calculated by advanced multiconfigurational multireference method.
Introduction
The basic energy source for plants is photosynthesis. During the last few decades understating of the energy transfer mechanism in all details was a subject of large scientific interest inspired by the fundamental role of the process in biology. Photosynthetic systems have developed various antenna systems. The light-harvesting (LH) antenna capture sunlight with very high efficiency and successfully transfers the energy of light-excitation to the photosynthetic reaction center [1, 2] , where it activates the electron-transfer reaction to produce ATP, the molecule serving for purposes of intracellular transport of chemical energy required for metabolism. The molecular architecture of the antenna has been explored by the methods crossing of the CD spectrum at 850 band with respect to the absorption maximum of around 6 nm, which was shown to be an indication of the energy difference between the α and β units [9] .
In description of the LH system one can follow two different strategies. The one is based on adaptation of a suitable phenomenological model in order to reproduce the experimentally observed spectral features. The apologists of the other strategy starts from crystallographic data and try to predict the observables using general principles of quantum and statistical theory in their calculation program. Within the phenomenological picture aiming to describe the energy migration in LH2, the energy transfer is understood as Förster incoherent hopping between the weakly coupled units of B800 ring and between the rings, while transport in the dense B850 is considered as a migration of a molecular exciton [14] . Thus, the central element for the quantitative description, is calculation of the coupling constants. From the particularities of the spectrum, namely separation of the bands from the rings B800 and B850, one can deduce that the largest constants are those that correspond to the dimeric coupling of the nearest α and β units, with the mutual distance of around 9 Å. Calculated in such semi-phenomenological way the values of these constants varies [14] [15] [16] [17] in the range from 250 to 800 cm −1 .
The LH2 system have been also extensively studied by means of numerical methods [13, 19, 20] . Note, however, that application of the standard tools of quantum chemistry, such as density functional theory (DFT), for the calculation of coupling constants appeared to be problematic as well, since all they required an external input. For instance, it is not possible to calibrate the time-dependant-DFT method in terms of functionals and basis sets to obtain the desired couplings, out of lack of experimental data for the BChl embedded in LH2. In this article we use the results obtained by advanced multiconfigurational multireference (MCMR) method recently developed in the work [19] , which computational part is based completely on the crystallographic data and basic principles of quantum chemistry. Thus the method is free of any fitting parameters, moreover up to now this is the most exact calculation of the excitation spectra of BChl unit embedded into the protein complex. The method is utilised to compute the excitation energies of a single unit from ab initio modelling. However, calculation of the whole antenna complex in the same manner is still an unaffordable task and one has to follow the old strategy. The latter assumes formulation of a modelling oneexciton Hamiltonian with a field-matter interaction term and calculation out of it the spectral observables, such as susceptibility and circular dichroism, according to the known formula.
In this work we construct an ab initio model and formulate a minimal model based on the data obtained from MCMR for calculation of absorption spectrum and circular dichroism spectra. In addition to the known approaches, which include only the dipole-dipole interaction into the molecular Hamiltonian, we consider also the dipole-quadrupole correction to the interaction constants and discuss its influence on the spectral particularities. Note, that the need in accounting of the higher moments at description of electronic excitation interactions between large molecules has been noticed long time ago [21] , while never been included into models of LH2 complexes. Moreover, in the recent research [7] , discussing influence of temperature fluctuations on the spectrum, among others, a large sensitivity to even tiny changes in the relative orientation of the transition dipole moments of the interacting BChl units has been found. This forced us to think that the dipole-quadrupole contribution can
give a comparable effect on the spectra.
The article is organised in the following way: the next section is devoted to the mathematical concept used in our analysis; The results of our calculations are discussed in details in the last section. The article is supplemented by two appendices, where we have gathered the data obtained by MCMR method, which we used in our modelling, and those that we obtained in present work.
2. Quantum mechanical calculations of absorption and circular dichroism from MCMR data.
The set of data obtained from MCMR contains the excitation energy of each BChl and the transition dipole moments, see tables in appendix A. In our modelling we stick to the one-exciton Hamiltonian of the system in the site representation, (the constant is set to 1 until the formula (2.4)) (2.1)
The ε i is the energy of the i th BChl unit in the excited state shifted by the ground state energy, i.e. the excitation energy of the i th BChl unit. Vectors |i > stay for the eigenvectors of the exited state of the i th unit. Parameters M ij are the interaction energy between the i th and jth sites. Here only the terms responsible for the energy exchange are taken into account, while the static Coulomb interaction is considered as negligible. The quantities M ij are the Coulomb matrix elements describing the excitation transfer between the units.
As in many Coulomb potential models these terms can be approximated by a few terms of multipole expansion. The main dipole-dipole contribution is denoted below by the same letter M ij , while the dipole-quadrupole correction by the ∆M ij .
The antenna system linearly interacts with the external electric field oscillating in time, which in rotating wave approximation is represented as Ee −iωt . The field is spatially uniform on the molecule sizes, so that the position dependence is neglected. The corresponding dipole operator matrix elements are denoted as d i for each unit i . As soon as our system is opened one has to employ the probabilistic language of the density matrix to its description. Note, that the opening of the system (2.1) also assumes interaction with the protein degrees of freedom. To this end a number of approaches have been proposed, see for instance [7, 8, 20] .
Here, however, we neglect such effects in order to formulate some "clean" model first.
2.1. Formulas for OD and CD. Evolution of the density matrix satisfies the equationρ =
, where Γ is a phenomenological (within our basic description) matrix of decay rates. It is responsible for broadening of the spectral peaks. The evolution equation, due to the commutator of the Hamiltonian (2.1) with the density matrix, includes only the excitation energies of each pigment, ε i . Therefore the elements of the density matrix define the probability of the i th unite to be excited (ρ ii ), or be in a coherent superposition with the excited state on the jth unit (ρ ij ) or with the common ground state (ρ i0 ). Note, that in the method of hierarchical density matrix [20, 22, 23] the total molecular Hamiltonian includes the bath degrees of freedom, so that the density matrix equation can be written as a hierarchical set of equations for zero, one, two and further numbers of excited phonon modes. In addition to the excitation of the electron density of the pigments one should take into account the reorganisation energies of the molecular skeleton in the potential well formed by the electronic density, below this term is denoted as λ. Here, within our basic consideration, we consider situation of zero phonons and omit, for a while, the reorganisation energy terms. Following the standard recipe, we separate the fast and slow degrees of freedom by introducing ρ i0 = σ i0 e −iωt for all density matrix elements describing superposition between the i th excited state and the ground state, and consider the linear response on the weak monochromatic electric field. The steady state solution satisfies the system of equations (prime at the summation symbols means excluding the terms with the identical indices)
Assuming the initial state to be ρ ij (t = 0) = δ i0 δ j0 in the zeroth order of perturbation the solution is ρ ij (t = 0) = δ i0 δ j0 . Thus the first order equations for σ i0 is (2.2)
The susceptibility tensor can be read off from the expression for polarization P = Tr (ρd ), it is (a, b = x, y , z)
where the response function G ij (ω) is the inverse matrix solving the matrix equation (2.2).
The absorption spectrum (OD) can be obtained by averaging of the susceptibility imaginary part over all orientations of the molecular system (here we again write explicitly),
The averaged over orientations circular dichroism (CD) spectrum can be calculated by the formula (2.5)
In the above formulas · denotes scalar and × vector products, k ω is the wavevector and R j is the radius-vector of the jth transition dipole moment center, i.e. the Mn atom in the jth BChl unit.
2.2.
The interaction constants M ij + ∆M ij . In our consideration the formulas (2.4), (2.5) include only the parameters of the Hamiltonian, that can be directly calculated by the method MCMR and a set of phenomenological parameters incorporated into the decay rates matrix Γ. In fact, it is natural to assume that the decay into the ground state is the same for all sites and in our calculations we set all γ i to be 53cm −1 , as reported in [8] . For the parameters, at hand, the elements of the matrix M are calculated in the dipole approximation,
The vectors n are the unit vectors pointing in the direction of the transition dipole moments, As we have noticed in the introductory part, it is important to account the dipole-quadrupole terms of the multipole expansion, their explicit formula is
The term (2.7) includes the transition quadrupole moments tensorsQ i . Note, that since the dipole moment is not zero, the quadrupole moment tensor depends on the choice of the coordinate system. Their values, measured in the units eÅ 2 , were calculated from the MCMR approach, see the appendix B.
Generically, calculation of the spectral characteristics for an isolated dimer is based on less or more accurate calculation of the Coulomb interaction integral (see the review of methods in [18] ).
Computational details for the MCMR method. Excitation energies and transition
dipole moments for all bacteriochlorophylls contained in LH2 were obtained as previously described, [19] whereas transition quadrupole moments were explicitly computed for this work.
Briefly, we performed single point energy calculations at the SA-RASSCF/MS-RASPT2 level of theory. This implies to compute 2 roots, state average (SA), restricted active space selfconsistent field (RASSCF) energies, followed by a second order perturbation theory correction (the PT2 part).
RASSCF is a multiconfigurational method that represents an extension of CASSCF (complete active space self-consistent field). [25] The multiconfigurational character is achieved by a linear combination among all possible configurations obtained by distributing active electrons in a set of active orbitals. In the specific case, we employed an active space comprised of 11 RAS1 orbitals (fully occupied in all configurations, but for a certain amount of possible holes), 4 RAS2 orbitals (having any possible occupation), 10 RAS3 orbitals (always empty, but for a number of allowed excited electrons); these orbitals were occupied by 26 electrons, and we allowed 3 holes in RAS1 and 3 excitations in RAS3. This active space span the entire π system of bacteriochlorophyll.
The RASSCF wavefunction was employed as reference for the following PT2 correction, using the MS-RASPT2 method. RASPT2 [26] and CASPT2 [27, 28] are the standard methods to apply a second-order Møller-Plesset perturbation to a RASSCF and CASSCF reference wavefunction, respectively. The multistate treatment performs a further diagonalization of the obtained energies. [29, 30] All calculations employed a double-zeta ANO-RCC basis set, [35] and Cholesky decomposition. [31] [32] [33] For MS-RASPT2 calculations we deleted the 300 highest in energy virtual orbitals, to save on computation time, employed default IPEA shift, [34] and an imaginary level shift value of 0.1. [36] All calculations were performed using MOLCAS [ver. 7.8].
[37] The calculation of the transition quadrupole moments is a newer feature, which is present in MOLCAS [ver. 8.2].
[38]
3. Results
To demonstrate the properties of the model we start our consideration from a "clean" case, where no other parameters except those obtained from the MCMR are used. On the next step of sophistication we introduce the reorganisation energy λ and formulate the minimal model for calculation of OD and CD spectra, which also includes the dipole-quadrupole interaction terms. To check the influence of the above dipole-quadrupole contribution, we have introduced a simplified model of charge distribution within the BChl unit, such that the transition quadrupole moments can be parametrised. 
whereε k is the kth energy level of the excitonic Hamiltonian. One usually index these levels by 0, ±1, · · · ± 7, 8 for α − β ring and the similar set 0, ±1, . . . , ±8 for the γ ring. The the vector D k of the total dipole moment corresponding to the kth level can be calculated as the vector sum
In addition we characterise the kth wave-function by the quantum probability r k to find the exciton on the α − β ring, i.e. the fraction of the wave-function localized on the B850 ring,
The details of the spectrum, the total dipole moments and the calculated participation probabilities are gathered in the appendix B. The density of states (DOS) function (see figure 2) is the one calculated by the formula
The poles of the DOS function plays a major role at consideration of the quantum transport processes in the molecular complex. Here, mostly for presentation purposes, we replaced the value of γ k , which was 53 cm −1 , by 1 cm −1 . 
3.3.
Influence of the dipole-quadrupole interaction on the structure of excitonic wave-
functions. An interesting effect caused by the dipole-quadrupole interaction cannot be detected from the linear spectra, but might be significant for the non-linear responses. The difference between two cases, on and off ∆M i,j term, can be seen already from the DOS plots values λ a of the quadrupole moment are arranged in the order λ 1 > λ 2 > λ 3 , then
These equations supplemented by the condition of the zero total charge, i.e. charges. The equation for the latter condition is Bottom panels: the CD spectra for the same ensambles.
Discussion
In the article we formulated a minimal model of the LH2 complex, which reproduces the absorption and circular dichroism spectra. The model is based on ab initio calculations of the excitonic Hamiltonian and includes all interactions between the BChl units taken up to the dipole-quadrupole term. The value of the one free parameter λ is dictated by position of the main peaks in the absorption spectrum. We interpreted λ as reorganisation energy. Its value is 3 -4 times higher then the one deduced from experiment [24] . The explanation of such discrepancy is that the Hamiltonian parameters were calculated in vacuum conditions and do not take into account polarization of the surroundings.
The influence of this extra dipole-quadrupole term, which usually do not counting in such models, is considered in details. Main observation, we made, is that this term breaks a symmetry between the two BChl rings and makes the system effectively separated onto two subsystems. The states taking part in this phenomena are dark states and cannot influence the OD and CD spectra, while should be taken into account at consideration of the dynamical behaviour of the system, such as modelling of 2D spectroscopy experiments.
To study influence of disorder on the level of dipole-quadrupole interaction we formulated an electrostatic model of BChl units. It is based on the possibility to reproduce both transition The coordinates and directions of the transition dipole/quadrupole moments for other units The components of the susceptibility tensor (2. 
